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Brualdi and Shanny [R.A. Brualdi, R.F. Shanny, Hamiltonian line graphs, J. Graph Theory
5 (1981) 307–314], Clark [L. Clark, On hamitonian line graphs, J. Graph Theory 8 (1984)
303–307] and Veldman [H.J. Veldman, On dominating and spanning circuits in graphs,
Discrete Math. 124 (1994) 229–239] gave minimum degree conditions of a line graph
guaranteeing the line graph to be hamiltonian. In this paper, we investigate the similar
conditions guaranteeing a line graph to be traceable. In particular, we show the following
result: let G be a simple graph of order n and L(G) its line graph. If n is sufficiently large
and, either δ(L(G)) > 2b n−84 c; or δ(L(G)) > 2b n−2010 c and G is almost bridgeless, then L(G)
is traceable. As a byproduct,we also show that every 2-edge-connected triangle-free simple
graph with order at most 9 has a spanning trail. These results are all best possible.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
We use Bondy and Murty [2] for terminology and notation not defined here and consider undirected graphs only.
The line graph L(G) of a graph G = (V (G), E(G)) has E(G) as its vertex set, and two vertices are adjacent in L(G) if
and only if the corresponding edges share a common endvertex in G. A graph is called traceable if it has a hamiltonian
path, i.e., a spanning path. In hamiltonian graph theory we can find many sufficient conditions for a graph to have a
hamiltonian cycle (path), for line graphs, see [1,3,5–7,10,11]. By δ(G) and σ 2(G) we denote the minimum degree of G and
min{dG(u) + dG(v)|uv ∈ E(G)}, respectively. Obviously δ(L(G)) = σ 2(G) − 2 for every nonempty graph G. Brualdi and
Shanny gave the following result involving σ 2(G), which was later improved slightly by Clark for graphs with large order.
Theorem 1 (Brualdi and Shanny, [3]). If G is a graph of order n ≥ 4 and at least one edge such that σ 2(G) ≥ n, then L(G) is
hamiltonian.
Theorem 2 (Clark, [7]). If G is a simple connected graph of order n ≥ 6 and if
σ 2(G) ≥
{
n− 1, if n is even
n− 2, if n is odd
then L(G) is hamiltonian.
For almost bridgeless graphs (i.e., graphs in which every cut edge is incident with a vertex of degree one), Veldman
improved the above result to the following theorem which settled a conjecture in [1].
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Theorem 3 (Veldman, [11]). Let G be a connected almost bridgeless simple graph of order n. If n is sufficiently large and
σ 2(G) > 2
(⌊n
5
⌋
− 1
)
,
then L(G) is hamiltonian.
In this paper, we consider the traceability of line graphs.
Theorem 4. Let G be a connected simple graph of order n such that
σ 2(G) > 2
(⌊n
4
⌋
− 1
)
.
If n is sufficiently large, then L(G) is traceable.
Corollary 5. Let G be a connected simple graph of order n such that
δ(G) >
⌊n
4
⌋
− 1.
If n is sufficiently large, then L(G) is traceable.
For almost bridgeless graphs, we can improve the above result.
Theorem 6. Let G be a connected almost bridgeless simple graph of order n such that
σ 2(G) > 2
(⌊ n
10
⌋
− 1
)
. (1.1)
If n is sufficiently large, then L(G) is traceable.
Corollary 7. Let G be a connected almost bridgeless simple graph of order n such that
δ(G) >
⌊ n
10
⌋
− 1.
If n is sufficiently large, then L(G) is traceable.
Dirac’s theorem [8] says that a graph of order n ≥ 3 is hamiltonian if its minimum degree is at least 12n, and its corollary
states that it is traceable if itsminimumdegree is at least 12 (n−1). Both results are sharp. Thus, we cannot observe awide gap
between the existence of a hamiltonian cycle and that of a hamiltonian path in terms of the minimum degree of a graph. On
the other hand, Theorems 1, 3, 4 and 6 show a totally different picture. They gives a clear discrepancy between the existence
of a hamiltonian cycle and that of a hamiltonian path for a line graph.
In Section 2, we shall extend the reduction methods given by Catlin and refined by Veldman, which are then applied to
the proofs of our main results in Section 3. An auxiliary result for Theorem 6 also be presented in Section 2. The sharpness
of Theorems 4 and 6 will be presented in the last section.
2. Preliminaries
2.1. Reduction method
LetGbe a graph, andH is a connected subgraph of a graphG, the contractionG/H is the graph obtained fromGby replacing
H by a vertex vH such that the number of edges in G/H joining any v ∈ V (G) − V (H) to vH in G/H equals the number of
edges joining v in G to H . A graph G is contractible to a graph G′ if G contains pairwise vertex-disjoint connected subgraphs
H1, . . . ,Hc with
⋃c
i=1 V (Hi) = V (G) such that G′ is obtained from G by successively contracting each Hi (1 ≤ i ≤ c). Each
subgraphH ∈ {H1, . . . ,Hc} is called the preimage of the vertex vH of G′. A vertex vH in G′ is nontrivial if vH is the contraction
image of a nontrivial connected subgraph H of G. For F ⊆ E(G), the subgraph H defined by V (H) = V (F) and E(G) = F is
said to be the subgraph induced by F , and is denoted by G[F ].
For a graph G, let O(G) denote the set of all odd degree vertices of G. G is collapsible if for every subset X ⊆ V (G)with |X |
even, there is a spanning connected subgraph HX of G, such that O(HX ) = X . In [4], Catlin showed that every graph G has a
unique collection of pairwise vertex-disjoint maximal collapsible subgraphs H1, . . . ,Hc such that
⋃c
i=1 V (Hi) = V (G). The
reduction G′ of a graph G is the graph obtained from G by contracting each maximal collapsible subgraph Hi (1 ≤ i ≤ c) into
a single vertex vi. A graph G is reduced if G = G′.
Theorem 8 (Clatin, [4]). Let G be a connected graph. Then the reduction of G is a simple graph and has no cycle of length less
than four.
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A spanning trail, or briefly S-trail, of a graph G is a trail containing all vertices of G. A dominating trail, or briefly D-trail,
of G is a trail such that every edge of G has at least one end vertex in the trail. A closed trail is called a circuit. The following
result shows that there is a close relation on S-circuits between a graph and its reduction.
Theorem 9 (Catlin, [4]). Let G be a connected graph and H a collapsible subgraph of G. Then G has an S-circuit if and only if G/H
has an S-circuit.
We prove a similar relation on S-trails.
Theorem 10. Let G be a connected graph of order n and G′ be the reduction of G. Then G has an S-trail if and only if G′ has an
S-trail.
Proof. It suffices to prove that G has an S-trail if and only if G/H has an S-trail for any collapsible subgraph H of G. Note that
a graph has an S-trail T if and only if one can add at most one edge e to create an S-circuit T + e. Also note that G+ e has an
S-circuit is and only if (G + e)/H has an S-circuit for any collapsible subgraph H . Now Theorem 10 follows from the above
facts and Theorem 9. 
In [11], Veldman gave a refinement of Catlin’s reduction method that used to solve a conjecture in [1], and in this paper,
we will use it to prove the main results.
Let G be a simple graph and define D(G) = {v ∈ V (G) | dG(v) ∈ {1, 2}}. For an independent set X of D(G), define IX
as the graph obtained from G by deleting the vertices in X of degree 1 and replacing each path of length 2 whose internal
vertex is a vertex in X of degree 2 by an edge. IX need not to be simple. G is called X-collapsible if IX is collapsible. A subgraph
H of G is called X-subgraph of G if dH(x) = dG(x) for all x ∈ X ∩ V (H). An X-subgraph H of G is called X-collapsible if H is
(X ∩ V (H))-collapsible. By R(X) we denote the set of vertices in X which are not contained in an X-collapsible X-subgraph
of G. Since the graph IX (G) has a unique collection of pairwise vertex-disjoint maximal collapsible subgraphs F1, . . . , Fk such
that
⋃k
i=1 V (Fi) = V (IX (G)), then G has a unique collection of pairwise vertex-disjoint maximal X-collapsible X-subgraphs
H1, . . . ,Hk such that
⋃k
i=1 V (Hi)∪R(X) = V (G). The X-reduction ofG is the graph obtained fromG by contractingH1, . . . ,Hk.
Let G′ be the X-reduction of G and v ∈ V (G′). The preimage of v is denoted by θ−1(v). A vertex v of G′ is called nontrivial if
θ−1(v) is not a vertex and trivial otherwise. The graph G is X-reduced if there exists a graph G1 and an independent subset
X1 of D(G1) such that X = R(X1) and G is the X1-reduction of G1. An X-subgraph H of G is called X-reduced if H is X ∩ V (H)-
reduced.
Veldman obtained the following result.
Theorem 11 (Veldman, [11]). Let G be a connected simple graph, X an independent subset of D(G), and G′ the X-reduction of
G. Then G has a D-circuit if and only if G′ has a D-circuit containing all nontrivial vertices of G′.
We have the following similar result.
Theorem 12. Let G be a connected simple graph, X an independent subset of D(G), and G′ the X-reduction of G. Then G has a
D-trail if and only if G′ has a D-trail containing all nontrivial vertices of G′.
Proof. Using a similar idea from the proof of Theorem 10, we obtain the proof of Theorem 12. 
2.2. Line graphs
In the following theorem, we can see the close relationship between D-circuit in graphs and hamiltonian cycles in line
graphs.
Theorem 13 (Harary and Nash-Williams, [9]). Let G be a graph with |E(G)| ≥ 3. Then the line graph L(G) of G is hamiltonian if
and only if G has a D-circuit.
And there is also a close relationship between D-trails in graphs and hamiltonian paths in line graphs.
Theorem 14. Let G be a graph with |E(G)| ≥ 3. Then the line graph L(G) of G is traceable if and only if G has a D-trail.
Proof. Using a similar method to prove Theorem 13 in [9], one can prove Theorem 14. 
2.3. Every 2-edge-connected triangle-free simple graph with order at most 9 has a spanning trail
In order to prove Theorem 6, we need the following auxiliary result, which is best possible as showed in Section 4.
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Fig. 1. The graphs H1 and H2 .
Fig. 2. The graph G′1 .
Theorem 15. Let G′ be an 2-edge-connected triangle-free simple graph. If |V (G′)| ≤ 9, then G′ has a spanning trail.
Proof. Let C = v1v2 . . . vcv1 be a longest cycle of G′ with length c = c(G′). We have the following two facts.
Claim 1. If 4 ≤ c ≤ 7, then there is no pair of paths P1 with ends uP1 and u′P1 and P2 with ends uP2 and u′P2 in G[V (G′) \ V (C)]
such that uP1 and u
′
P1
are adjacent to two nonadjacent vertices vi, vj of C, respectively, and uP2 , u
′
P2
are adjacent to different
components of C − {vi, vj}, respectively.
Proof of Claim 1. Suppose, to the contrary, that there are two paths P1 with ends uP1 , u
′
P1
and P2 with ends uP2 , u
′
P2
in
G[V (G′)\V (C)] such that uP1 and u′P1 are adjacent to two nonadjacent vertices vi and vj of C , respectively, and uP2 and u′P2 are
adjacent to two vertices vk and vl that are different components of C−{vi, vj}, respectively.Without loss of generality,we can
assume that 1 ≤ i < k < j < l ≤ c and viCvk ∪ vjCvl contains at least c/2 edges. Then C ′ = viCvkuP2P2u′P2vlC−vju′P1P1uP1vi
is a cycle of length at least c/2+ 4 > c , longer than C , a contradiction. So Claim 1 holds. 
Claim 2. If 4 ≤ c ≤ 5, then G′ − C has no nontrivial path whose ends are adjacent to two distinct vertices in C respectively.
Proof of Claim 2. Otherwise, we can obtain a longer cycle than C . 
We first suppose |V (G′)| = 9, then 4 ≤ c ≤ 9. Let H be a largest circuit of G, i.e., H is a circuit of G with a maximum
number of vertices.
Claim 3. |V (H)| ≥ 7.
Proof of Claim 3. If c = 4, then by the assumption and by Claims 1 and 2, either G′ has the circuit H1 depicted in Fig. 1 or
G′ is isomorphic to the graph depicted in Fig. 2, in either case, G′ has a circuit with at least seven vertices, i.e., |V (H)| ≥ 7.
If c = 5, then by the assumption and by Claims 1 and 2, G′ has a circuit which is either a circuit with exactly one vertex
of degree other than two or the circuit H2 depicted in Fig. 1, in either case, |V (H)| ≥ 7.
It remains the case that c = 6, in this case, by the assumption and by Claims 1 and 2, G′ has a circuit which is either a
circuit with exactly one vertex of degree other than two or one of {H3,H4,H5} depicted in Fig. 3, in either case, |V (H)| ≥ 7.
This completes the proof of Claim 3. 
If |V (H)| = 8, 9, then the fact that G′ is connected guarantees the existence of a spanning trail of G′. It remains to consider
the case that |V (H)| = 7. Since G′ is triangle-free, H is either a cycle of length seven or one of {H1,H2} depicted in Fig. 1. Let
V (G′) \ V (H) = {u, v}.
Case 1. Either uv ∈ E(G′), or uv 6∈ E(G′) and there exists a pair of neighbors of u and v respectively have distance at most
one in H .
Since H is a circuit and G′ is connected, there exists a spanning trail of G′.
Case 2. uv 6∈ E(G′) and any pair of neighbors of u and v respectively have distance at least two in H .
Then both u and v have at least two neighbors inH since G′ is 2-edge-connected. Hence by Claim 1,H is eitherH1 orH2. If
H ∼= H1, then there exists a pair of neighbors of u and v respectively such that they are the neighbors of the pair of vertices
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Fig. 3. The graphs H3 , H4 and H5 .
Fig. 4. The graphs F1, F2 and F3 .
of distance 4 in H , see Fig. 4. Hence the graph F1 depicted in Fig. 4 is a spanning subgraph of G′, which has a spanning trail, so
is G′. IfH ∼= H2, then there exists a pair of neighbors of u and v respectively such that they has distance one from the vertices
of degree 4 in H2, see Fig. 4. Hence either F2 or F3 depicted in Fig. 4 is a spanning subgraph of G′, which has a spanning trail,
so is G′.
Thus Theorem 15 holds for the case when |V (G′)| = 9. We claim that if |V (G′)| ≤ 8 then G′ has also a spanning trail:
otherwise if there is a 2-edge-connected triangle-free graph H of order less than 9 such that H has not D-trail, then we can
obtain a 2-edge-connected triangle-free graph of order 9 by replacing an edge of H by a path of length 10− |V (H)|, which
has no spanning trail, a contradiction.
Thus, Theorem 15 is proved. 
3. Proofs of main results
We start with the following results.
Theorem 16 (Veldman, [11]). Let G be a connected simple graph of order n and p ≥ 2 an integer such that
σ 2(G) ≥ 2
(⌊
n
p
⌋
− 1
)
. (3.1)
If n is sufficiently large relative to p, then
|V (G′)| ≤ max
{
p,
3
2
p− 4
}
(3.2)
where G′ is the D(G)-reduction of G. Moreover, for p ≤ 7, (3.2) holds with equality only if (3.1) holds with equality.
Corollary 17. Let G be a connected simple graph of order n and p ≥ 2 an integer such that
σ 2(G) > 2
(⌊
n
p
⌋
− 1
)
If n is sufficiently large relative to p, then the D(G)-reduction G′ of G satisfies
|V (G′)| ≤ max
{
p− 1, 3
2
p− 4
}
.
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Proof. Since p ≤ 32p− 4 for p ≥ 8, Corollary 17 is an immediate consequence of Theorem 16. 
Now we present the proofs of our main results.
Proof of Theorem 4. By Corollary 17, the D(G)-reduction G′ of G satisfies |V (G′)| ≤ 3. Since every connected graph of order
no more than 3 has a spanning trail, G′ has a spanning trail. By Theorem 12, G has a D-trail, and by Theorem 14, L(G) is
traceable. 
Proof of Theorem 6. Because σ 2(G) > 2(b n10c − 1), so if n ≥ 40, then D(G) is an independent set. Let G′ be the D(G)-
reduction of G. Then |V (G′)| ≤ 11 by Theorem 16.
Case 1. |V (G′)| ≤ 9.
If G′ is a vertex, then G is collapsible and hence Theorem 6 holds trivially. Now we suppose that G′ is not a vertex. Since
G′ is the D(G)-reduction of G and G is almost bridgeless, by Theorem 8, G′ is 2-edge-connected and triangle-free. Hence by
Theorem 15, G′ has a spanning trail. Hence by Theorems 12 and 14, L(G) is traceable.
Case 2. |V (G′)| = 10 or 11.
Let V (G′) = {v1, v2, . . . , v|V (G′)|} and v1, v2, . . . , vt be all trivial vertices of G′. Without loss of generality, we assume that
|V (θ−1(vt+1))| ≤ |V (θ−1(vt+2))| ≤ · · · ≤ |V (θ−1(v|V (G′)|))|. Note that∑|V (G′)|i=t+1 |V (θ−1(vi))| ≤ n. Hence |V (θ−1(vt+1))| ≤
n
|V (G′)|−t . If t = 0, then |V (θ−1(v1))| ≤ n10 , implying |V (θ−1(v1))| ≤ b n10c. Then there must exist an edge xy ∈ E(θ−1(v1))
between two vertices with no neighbors outside θ−1(v1) since dG′(v1) ≤ 10 and n is sufficient large. Hence dG(x)+ dG(y) ≤
2(b n10c − 1), which contradicts (1.1). Hence
t ≥ 1. (3.3)
By (1.1), {v1, v2, . . . , vt} is an independent set and
t⋃
i=1
NG′(vi) ⊆ {vt+1, vt+2, . . . , v|V (G′)|}. (3.4)
By the definition of G′,
dG′(vi) ≥ 3 for i ≤ t. (3.5)
Let
⋃t
i=1 NG(vi) = {w1, w2, . . . , ws}. Then by (3.3) and (3.5),
s ≥ 3. (3.6)
Note that dG(v1) ≤ 9 since G′ is triangle-free. Hence by (1.1), these wi are in a different preimage of nontrivial vertex of
{vt+1, vt+2, . . . , v|V (G′)|} and
dG(wi) > 2
(⌊ n
10
⌋
− 1
)
− dG(v1) ≥ 2
(
n− 9
10
− 1
)
− 9 ≥ n− 68
5
. (3.7)
Without loss of generality, we may assume thatwi ∈ V (θ−1(vt+i)). By (3.7),∣∣∣∣∣ s⋃
i=1
NG(wi)
∣∣∣∣∣ ≥ s(n− 68)5 . (3.8)
Since |⋃si=1 NG(wi)| ≤ n and n is sufficient large,
s ≤ 5. (3.9)
For each x ∈ {vt+1, vt+2, . . . , v|V (G′)|}, by (1.1), θ−1(x) has at least one vertex with degree at least b n10c − 1 and hence
|V (θ−1(x))| ≥ b n10c ≥ n−910 . Hence∣∣∣∣∣ |V (G
′)|⋃
i=t+s+1
V (θ−1(vi))
∣∣∣∣∣ ≥ (|V (G′)| − t − s)n− 910 . (3.10)
Note that |⋃|V (G′)|i=t+s+1 V (θ−1(vi))| + |⋃si=1 NG(wi)| ≤ n and n is sufficient large. Hence by (3.8) and (3.10),
|V (G′)| − t − s ≤ 10− 2s.
Hence t ≥ |V (G′)|− 10+ s ≥ 3 by (3.6). So by (3.4), (3.5) and (3.9), there exists a cycle C of length 4 such that C contains
two vertices in {v1, v2, . . . , vt} and two vertices in {vt+1, vt+2, . . . , vt+s}.Without loss of generality, by (3.4)wemay assume
that C = v1vt+1v2vt+2v1. Then the graph G1 = G′/{v1vt+1, v2vt+2} obtained from G′ by successively contracting the edges
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Fig. 5. The graph G0 .
Fig. 6. The graph G00 .
v1vt+1 and v2vt+2 is 2-edge-connected such that |V (G1)| ≤ 9. Let G′1 be the reduction of G1. If G′1 is a vertex, then it has a
spanning trail; otherwise G′1 is a 2-edge-connected triangle-free graph with |V (G′1)| ≤ 9, by Theorem 15, G′1 has a spanning
trail. Hence by Theorem 10, G1 has a spanning trail T . So
T ′ = G′[(E(T ) ∪ (E(C) \ E(T ))) \ (E(C) ∩ E(T ))]
is a D-trail of G′ containing all nontrivial vertices of G′. By Theorems 12 and 14, L(G) is traceable. This completes the proof
of Theorem 6. 
4. Sharpness
Theorem 4 is best possible in the sense that the equality cannot hold. To see this, consider the graph G0 depicted in Fig. 5.
Here, every solid point represents a complete graph of order n4 ≥ 3 where n ≡ 0(mod 4). Note that σ 2(G0) = 2(b n4c − 1),
but L(G0) is not traceable since G0 has no D-trail.
Note that δ(G0) = b n4c − 1. This shows Corollary 5 is also best possible.
Theorem 6 is best possible. To see this, consider the graph G00 depicted in Fig. 6. Here, every solid point represents a
complete graph of order n10 ≥ 3 where n ≡ 0(mod10). Note that σ 2(G00) = 2(b n10c − 1), but L(G00) is not traceable since
G00 has no D-trail.
Note that δ(G00) = b n10c − 1. This shows Corollary 7 is also best possible.
Note that the reduction of G00 is a 2-edge-connected triangle-free graph with ten vertices but has no spanning trail. This
shows Theorem 15 is also best possible.
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